FREE LATTICES WITH INFINITE OPERATIONS

BY
PETER CRAWLEY AND RICHARD A. DEAN

1. Introduction. A lattice L is said to be n-complete for a given cardinal n,
if every subset of L of cardinality at most n has a least upper bound and a
greatest lower bound in L. Every lattice is necessarily n-complete for all finite
1, but need not be n-complete for any infinite cardinal n. Free lattices offer
examples of this. A more general concept of completeness is that of weak
n-completeness. A lattice L is called weakly n-complete for a given cardinal n,
if every subset of L of cardinality less than w has a least upper bound and a great-
est lower bound in L. Again, every lattice, in particular a free lattice, is weakly
Ni-complete. Evidently a lattice is N,-complete if and only if it is weakly
N .41-complete.

The purpose of this paper is to study generalizations of the ordinary free
lattices which have this property of weak N ,-completeness. In order to define
these “generalized free lattices” the following ideas are needed.

Let L be a weakly N,-complete lattice. A sublattice M of L is an a-sub-
lattice if meets and joins in L of subsets of M of cardinality less than N, are
also contained in M. If S is a subset of L, then the sublattice of L a-generated
by S is the smallest a-sublattice of L containing S. In particular, L is said to
be a-generated by S if the only a-sublattice of L containing S is just L itself.

A lattice F is freely a-generated by a partially ordered set P, if F contains P
as a subpartially ordered set and is o-gemerated by it, and if for any lattice
L a-generated by a subset Q, every order preserving mapping of P onto Q extends
to a homomorphism (preserving meets and joins of less than N, elements) of F
onto L. It is easily seen that F is unique up to isomorphism.

The lattice freely a-generated by P is constructed in the second section
of the paper. The techniques used here are extensions of those employed by
Whitman [6; 7] in describing the ordinary free lattice with an unordered set
of generators. The analogue of the result of Whitman that the free lattice
with three generators contains as a sublattice the free lattice with a countable
number of generators is proved in section three, namely, it is shown that the
lattice freely a-generated by three unordered elements contains the lattice
freely a-generated by N, unordered elements as an a-sublattice. This result
is used to show that the lattice freely a-generated by a partially ordered set of
cardinality at most W, is isomorphic to an a-sublattice of the lattice freely a-
generated by three unordered elements.

Recently Bjarni Jénsson [4] has given a nonconstructive proof that under
the assumption of the Generalized Continuum Hypothesis, N ,-universal lat-
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tices(?) exist for all «>0, and N .-universal partially ordered sets exist for all
ordinals a.. In the fourth section, it is first shown that any lattice of cardinality
at most W . is a sublattice of a lattice o-generated by three elements, and the meth-
od of proof of this theorem is used to show that NRy-universal lattices do not
exist. It is further proved that the free lattice with three generators is an N-
untversal partially ordered set. Under the Generalized Continuum Hypothesis,
the lattice freely a-generated by three unordered elements is an N ,-universal
partially ordered set if N, is regular, and contains a sublattice which is an N .-
universal partially ordered set if N, is singular.

2. The lattice freely a-generated by P. Throughout the paper the follow-
ing notation will be used. Lattice join, meet, inclusion and proper inclusion
are denoted respectively by U, N, <, <, with the symbols +(>.), - (ID),
C, C, reserved for the corresponding set operations. The cardinality of a set
I is denoted by | sml . For a given cardinal n, w(n) denotes the least ordinal of
cardinality n; w(N.) is briefly written w,.

We begin with an alternative recursive definition of the sublattice a-
generated by a subset S of a weakly N,-complete lattice L. Let 8 =w, if w,
is regular or 8 =wa41 if w, is singular(?). With My=.S, define M; for all £
by

M;={Uaq NeEL|aC M4, | @] <N}, if£isnot a limit ordinal,

M:=> M, if £ is a limit ordinal.
<t

Then Mg is the sublattice of L a-generated by S.

Now let P be a partially ordered set, and « an ordinal. a-words over P and
their ranks are defined inductively as follows.

DEeFINITION 1. (1) Foreach pEP, p is an a-word over P, and its rank »(p)
is zero.

(2) If @ is a nonempty set of a-words over P such that [ @I <N, then
the symbols U@ and N @ are a-words over P, and

r(U @) = r(N @) = max {w(l @l ),:1618 [r(4) + 1]} .

The set of all a-words over P is denoted by F.(P).

DEeFINITION 2. If A, BEF,(P), then 4 =B if one of the conditions below
holds(®).

(1) A, B€EPand 4 =B in P.

(2) (i) A=U@ and 4’ =B for some 4’'€ @,

(ii) A=Na@ and A’2B for all 4’ € @,

(?) For the definitions of these terms, see §4.

(%) Na and w, are said to be singular, if N4 is the sum of fewer than N, cardinals, each of
which is less than M. Otherwise, Nq and wq are said to be regular.

(3 (=) denotes logical identity.
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(iii) B=U® and 4 =B’ for all B'E€®,
(iv) B=N® and 4 =B’ for some B'E®.
DEFINITION 3. If A, BEF,.(P),then A=Bif A=B and B=A4.

LemMA 1. Let A=U@, B=N®, and C be a-words over P. Then:

(1) #f pEP, p =B implies p= B’ for some B'E®, and A =p implies A' = p
for some A’ € @;

(2) A =B implies either A =B’ for some B'E®, or A’ =B for some A’ € &;

3) C=A4 implies Cz A’ for all A’ € @; B=C implies B' = C for all B €E®.

Proof. (1) and (2) are immediate from Definition 2. The first half of (3) is
proved by induction on r(C), the other half following by duality. If CEP,
then C=A implies C= A’ for all A’ € @, since (iii) is the only applicable rule
of Definition 2. Assuming the result for 7(C’) <9, let #(C) =9 and C=4. If
C=Ug, either (i) or (iii) of Definition 2 holds. (iii) gives the result. (i) states
that ¢’ = 4 for some C' €@, and since 7(C") <r(C), the induction implies that
C'zA’,all 4’E @. Thus C= A’ for all A’ € @ follows from (i). A similar argu-
ment holds for C=Ne.

THEOREM 1. F,(P) s a lattice under the relation () of Definition 2. More-
over, if @ is a nonempty subset of Fa(P), with | @| <N, then the a-words U@
and N @ are respectively the least upper and greatest lower bounds of @ in Fo(P).

Proof. The relation () is first shown to be reflexive and transitive.

(1.1) For all A €E F.(P), A = A.

If AEP, the result follows from the reflexive law in P. Inducting on
r(4), suppose (1) holds whenever 7(4’) <7, and let 7(4) =7. If A=UQ@®, then
A’z A’ for all A’E @, so that (1.1) follows from (i) and (iii) of Definition 2.
A dual argument holds if 4 =Na@.

(1.2) A= B and Bz Cimply A = C.

The proof of (1.2) is by an induction on the ordered triples {»(4), »(B),
r(C)), ordered lexicographically. When (r(4), (B), 7(C))=0, 0, 0), (1.2) fol-
lows from the transitive law in P. Suppose that (1.2) holds for any triple less
than {», %/, 9"’), and that (r(4), »(B), r(C))={»n, #', n"') with A =B, B=C.
There are ten cases to consider: (i) 4, BEP, C=Ue; (ii) 4, BEP, C=Ne;
(iii) B€P, A=Ua; (iv) BEP, A=Na; (v) B=U®, CEP; (vi) B=U®,
C=Ue; (vii) B=U®, C=Ne; and the duals of (v), (vi), and (vii). We shall
give the proofs of (i) and (vii); the proofs of the remaining cases are very
similar to these.

(i) A, B€P, C=Ue. From B=C(, it follows that B=C’ for all C'Ee.
Now (r(4), r(B), r(C"))<{n, 7', 7', so that A =’ for all C’Ee, by the in-
duction hypothesis. Hence 4 = C.

(vii) B=U®, C=Ne. B=C implies either B=C’ for some C'Ee, or
B’ = C for some B” € ®. If the first alternative holds, then 4 = C’, and hence
A =C, from (iv) of Definition 2. 4 =B implies A =B’ for all B'E®, so that
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in particular, 4 =2 B’. If the second alternative holds, then 4 =C follows
from the induction hypothesis.

From (1.1) and (1.2) it follows that (=) of Definition 3 is an equivalence
relation. Hence the relation () partially orders the set of all a-words over P.

Now consider a nonempty set @ with I @l <N.. Then U@ and N@ are
a-words over P, and U@ =4’ =NG@ for every A’€ @. Moreover, if B=A'=C
for all A’€ @ then B2U@ and N@=C, from (iii) and (ii) of Definition 2.
Thus the least upper and greatest lower bounds of @ exist and are indeed
U@ and N@ respectively.

For convenience, the a-words U{4,, 4:} and N{4,, 4,} will also be writ-
ten A1\UA, and 4:MA4, respectively. It must be emphasized that 4,\UA4,,
A:\JA,, and U{ 41, 4.} are to be considered as logically identical a-words.

In view of Definition 2, P is certainly a subpartially ordered set of F.(P).
However, least upper and greatest lower bounds existing in P need not be
preserved in F.(P). If pEP and @CP is such that | (i| <N and p=lLu.b. @
(or g..b. @) in P, then p=U@& (N @) if and only if p=7p' for some p' € Q.

THEOREM 2. F,(P) is freely a-generated by P.

Proof. That P a-generates F,(P) is clear from the construction of F.(P).
To show the free property, consider a lattice L a-generated by a subpartially
ordered set Q, and an order-preserving mapping ¢ of P onto Q. Extend this
mapping to a mapping ¢* of F.(P) into L inductively as follows:

¢*(4) = ¢(4) it 4 € P.
p*Ua) =U{s*4) | 4€a}, ¢*Na)=N{e*4")]4 € al.
Since ¢ maps P onto Q, and since L is a-generated by Q, ¢* is a mapping
of F,(P) onto L. To show that ¢* is a homomorphism, we need only show that
it preserves the equality in F.(P), or what is equivalent, that 4 =B implies
¢*(A)=¢*(B). This is done by an induction on the pairs (r(4), r(B)),

ordered lexicographically.

If A, BEP, then A = B implies ¢*(4) =¢(4) =¢(B) =¢*(B), since ¢ pre-
serves the ordering of P. Continuing the induction, let A =N@&. 4 2 B implies
A’=B and hence ¢*(4') =¢*(B), for all A’E®; whence ¢*(4) =¢*(N@)
=¢*(B). A dual proof holds if B=U®. For A €P, B=N®, A =B implies that
A ZB" for some B” €®, so that *(4) Z¢*(B") 2N {¢*(B') | B’ €&} =¢*(B).
Dually, if A=U@ and BEP. Finally if A=U@ and B=N®, 4 =B implies
either 4 =B’ for some B'&® or A’=B for some A’€ @. But then either
¢*(4)2¢*(B') Z¢*(B) or ¢*(A)=¢*(4’) =¢*(B). Hence ¢* preserves the
ordering of F.(P), and the proof is complete.

At this point it is well to note that Fo(P) is just the completely free lattice
generated by P, studied in [2]. Thus when P is an unordered set of cardinali:y
n, Fo(P) is the familiar free lattice with n generators, discussed by Whitman
[6; 7].
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THEOREM 3. If N, s a singular cardinal, then Fo(P) and F..1(P) are iso-
morphic lattices.

Proof. F,(P) is an a-sublattice of Fq41(P), so it suffices to show that for
each AE F,1(P) there exists BE F,(P), such that A =B. When r(4) =0,
this certainly holds. Inducting on 7(4), let A=U@. Then for each A’'E @,
there exists B4 & Fo(P) such that A’=B,.. Now l Q| =N,, and since N, is
singular, @ can be partitioned up into a set © of subsets $C @ in such a way
that | ©| <. and |s| <N, for each SE&. Thus Bg=U{By|4’'Es} EFa(P)
for each SE®, and hence B=U{Bg|SE&} CF.(P). Moreover, B=4. A
dual proof holds if 4A=Na.

3. Embeddings in freely a-generated lattices.

THEOREM 4. Let Q be a partially ordered set and N, a regular cardinal. If a
subpartially ordered set 8 of F.(Q) is isomorphic to a partially ordered set P,
then the sublattice Lg a-generated by 8 in F.(Q) is isomorphic to F.(P) if and
only if the following condition and its dual are satisfied:

For each ACS and each subset @8 with | @] <N., UG=4 implies A'Z A
for some A’ & Q.

Proof. It is clear from Lemma 1 that the above conditions on § are neces-
sary for Lg to be isomorphic to F.(P). To show their sufficiency, consider
an isomorphic mapping ¢ of P onto 8. Since Lg is a-generated by 8, ¢ can be
extended to a homomorphism ¢* of Fu(P) onto Lg. We shall show that ¢* is
one-one and hence an isomorphism. A second lemma is needed.

LEMMA 2. Let N, be a regular cardinal. If pE P, and A S Fo(P) is such that
A p, then there exists a subset € CP with | €| <N, such that Ue= A, but
Uep. The dual also holds.

When A€P, C= {A} fulfills the conditions of the lemma. Now suppose
that Lemma 2 holds for all @-words of rank less than r(4). If A=UQ@, then
A zpimplies A’ 2 p for all A’E& Q. Thus €4 exists for each 4’ € @, satisfying
the conditions of the lemma for 4’ and p; take €= D 4 cq Cu. Since N,
is regular, | €| <N.. Furthermore U€=4, but UC% p. A similar proof holds
for the case 4 =Na.

Now to show that ¢* is one-one, we need only show that ¢*(4) =¢*(B)
implies 4 = B, for all A, BEF,(P). When A, BEP, this clearly holds. Sup-
pose that this implication holds for any pair less than (r(4), (B)) and that
¢*(A)=¢*(B). If BEP and 4 £ B, then by Lemma 2, @ CP exists with
|e] <N, such that Ue=4 but Ue2B. Thus ¢*(Ue)=U{s*(p)|pce}
2¢*(4) 2¢*(B). {¢*(p)|pEe} Cs and ¢*(B)ES, so that ¢*(p) Z¢*(B) for
some p& €. But ¢* maps P isomorphically onto 8, and hence = B. This im-
plies that UG 2 B, a contradiction. The case A ©P follows by a dual argument,
and the proofs of the remaining cases are the same as those for the correspond-
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ing cases in Theorem 2. Hence that ¢*(4) 2¢*(B) implies 4 =B is true by
induction, and Lg and F.(P) are isomorphic lattices.

In the two theorems to follow, lattices freely a-generated by unordered
sets are important. For each cardinal n, the lattice freely a-generated by nun-
ordered elements will be denoted by F.(n). Whitman [7] has shown that F,(3)
contains Fy(Ny) as a sublattice; Theorem 5 extends this result to arbitrary c.

THEOREM 5. For each ordinal a, and each cardinal n <N,, F.(n) is an
a-sublattice of Fo(3).

Proof. The proof of Theorem 5 is an extension of the proof of Whitman's
theorem given by Dilworth [3]. Since N,y is regular for all &, by Theorem 3
it is sufficient to consider only the case when N, is regular.

Let F.(3) be a-generated by the three unordered elements, a, b, and c.
For each A € F.(3), define the a-words f(4) and k(4) by

fA)=aJ BN\ (eN (VY (M 4)),
A =aN (GBI (N (@Y @dN (Y 4)))).
Setting xo=7y,=a, and proceeding inductively, define for each ordinal { <w.,
x: = f(xp-1), Ve = h(ye-1), if £ is not a limit ordinal,
we=U{x|n<tl, ye=nlmln<g, if&isalimit ordinal.

It is clear that x; and y;, £ <w., are indeed a-words over {a, b, c}.

(5.1) Forall§,0<E<wa:x:dkb,c;a,b, ckxg; b, cky;; and yi£a, b, c.

This holds, since for all § with 0 <¢<w,, we have a\U(bN\(c\Ja)) Zx;
=a\J(bNc) and aN(b\Jc) Zy:=aM(d I (cNa)).

(5.2) If A, BEF4(3), then a\Jc=A, B=c, and a\J(bNA)=Za\J(b\B)
imply bNA Zb\B. And dually.

Let a\U(bNA)=aJ(BNB)=b\B. Then aU(bNA)=b implies alJc
>a\UA =b; a\J(BNA) =B implies a\Ub=c; and a=b\B implies a=bM\c.
Since all these are impossible, the only remaining possibility is 54 20\ B.
Notice that (5.2) also holds for cyclic permutations of a, b, and c.

(5.3) If n<E<Wa, then x,<x; and ye<Y,.

From (5.1) it is clear that x¢>xo, 0 <f <w,. Suppose that n<u implies
x,<x, whenever u<£<w,. If £is a limit ordinal, then xEEU{x,,In<$} =%,
for all n<t. When £ is not a limit ordinal and £—1 is not a limit ordinal,
X1 = x;_p implies x;=f(oz_1) = f(xe—2) =x¢1 2 %, all 7 <&, since f preserves the
ordering. If £—1 is a limit ordinal, then x;=f(x;1)Zf(x,) =x,41 for all
n<£—1, and hence x; =U {x,|n<t—1 } =x¢1 2 x, all n <& Thus by induction,
x, < x; whenever 7 <t <w.. To show that this inclusion is proper, assume the
contrary. Then there is a least ordinal £ such that x,Zx; for some 7 <&
£ cannot be a limit ordinal, since otherwise x;=U {x,‘l,u<£} =<x, implies
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X2 Xq41, contrary to the minimality of £. Suppose that 7 is not a limit ordinal.
Then x,=f(x,-1), and successive applications of (5.2) give x,-1=c¢MNx,
=cNxe_y. If —1 is not a limit ordinal, x,1 2 ¢ and @, b2 ¢Nx;_, imply that
Xq-1=%¢-1, a contradiction. If n—1 is a limit ordinal, then x, 1 Z¢, x;1, and
hence x,, = cMNx¢; for some 71 <n—1. Continuing in this way if 7, is a limit
ordinal we get a descending chain of ordinals which must terminate with some
ordinal 73, not a limit ordinal. But then, as above, x, =c¢MNx; 1 implies
Xq = X1, a contradiction. Finally if % is a limit ordinal, since x,2%b, ¢, we
must have x,, = x; for some 7, <7. If 7; is also a limit ordinal, repetition of this
argument gives a descending chain of ordinals which terminates with some
ordinal 7, not a limit ordinal, such that x,, = x;. But this is just the preceding
case, and thus yields a contradiction. Hence x, <x; whenever 7 <£ <w.. A dual
argument on the ¥;'s gives the rest of (5.3).
Now define for each & <we,

ge = b\ (21N (e Y 0)).

We shall show that the set $ = { g;| £ <w.} a-generates a sublattice isomorphic
to F.(N.), by verifying the conditions of Theorem 4 for §.

(5.4) For all E<w., ge=b, but gt a,cand a, b, c g:.

(5.5) ge=gy implies E=n.

Statement (5.4) follows easily from the definition of g;. To show (5.5),
suppose that g; = g, 2 %,11MN (¥,41\Jc). gr £ @, ¢, and b Z @, c imply x¢1.1MN (9541\Jc)
=%, (¥,4.1Uc), and this implies that xp 2x,4MN (Y41 Ye) and y:1\Jc
Z %1 (Y1 Jc). Now since xgpidc and a, b2 x,11MN(y,41\J¢), it must be
that xpy1=%,41. Hence £=7%. Moreover, since @, cZx,11MN(y,41\Jc) and
Y\ Jc Ea, it follows that y..1\Jec=y,1\Ue, and (5.2) gives y¢41=9,41. Thus
£<7, whence £=1.

(5.6) If QTS is such that | G| <N, then U@ = g; implies g€ Q.

Suppose that U@=gi2x:niMN(yea\Jc). If for some g,€EQ, g,=xpn
N(yg1\JUc), then g,=g;, whence g,=g; This is the only possibility, since
g.2a, ¢ implies U@ % x4, ye1:\Jc.

(5.7) If @S is such that | @| <W., then g =N Q implies g€ .

If g€ @, then yer i\ JeZxe 1M (y:1\Je) 2N R =D, since bENG. But this
contradicts (5.1), and hence (5.7) is true.

Notice that up to this point in the proof of Theorem 5, the assumption
that N, is regular has not been used. With this assumption, Theorem 4 ap-
plies, and Theorem 5 follows from (5.5), (5.6), and (5.7).

THEOREM 6. Let o be any ordinal. If P isa partially ordered set of cardinality
at most W, then Fo(P) is isomorphic to an a-sublattice of Fu(3).

Proof. Having Theorem 5, it suffices to embed F,(P) in F,(N,). Again N,
may be assumed regular.
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Let |P| =N, and let {g|f<w.} be the set of a-generators of F.(N.).
Then there exists a one-one correspondence

P g

between the elements of P and the a-generators g;. Set ao=go. Continuing in-
ductively, let a, be defined for each 7, 7 <€ <w,. Then with

U = {anlﬂ<£yfvg?£inP})

Vg = {anlﬂ<£apfé ?ﬂinP}y
define
o= U {n {g U}, 0}

Since | |, | V] <Na, a:EF.(V.) for all £ <w.. Let 3= {a;| £ <wa}.

(6.1) ar=g, implies ps = py. ge = a, implies pg = p,.

For £=%=0, (6.1) clearly holds. Inducting on the pairs (¢, 7), assume that
(6.1) holds for any pair less than (£, ). Then if a;=g,, either ge=N{g:, Ue}
=g, or a,=g, for some a,EV;. In the first case, £=7 so that p;=p,. In the
second, the induction hypothesis implies that p,=p,; whence p;=p,=p,.
Now suppose that g;=a,. Then g;=N{g, U,} so that either g:=g, or g:=a,
for some a,&U,. Thus either p;=p, or py=p.=p, And (6.1) follows by in-
duction.

(6.2) pe=p, implies a;=a,.

When (£, 7)=(0, 0), (6.2) is true. If £>9, then a,EV; and hence a;Za,.
If £<n, a:EQU,, so that a;=N{g, ,}. Thus if (6.2) holds for any pair less
than (¢, 1), p¢= p,= pu implies a; = a, for all ¢,ED,, and thus a;=a,. Hence
(6.2) is true by induction.

(6.3) ar=a, implies pr=p,.

Let us suppose that (6.3) holds for any pair less than (& 7). Then if
ar=a,, it follows that a;=N{g, U,} and four possibilities arise:

(i) aéggm

(ii) a;=a, for some a,EU,,

(i) ge=N{ge W} ZN{gy W},

@iv) a;lgﬂ{g,,, a,} for some a;, EV;.

If (i) holds, then p¢=p, follows from (6.1). (ii) and the induction hypothesis
imply that p; = p.=p,. If (iii) holds, either gi=g, or gi=a, for some a,& U,
But then either p;=p, or ps=p.=p, by (6.1). If (iv) holds, we repeat this
procedure obtaining a descending chain of ordinals § = § > & > - - - > &
> - - -, such that a;,,, EV;,. This chain must terminate with some £, and at
this point (i), (ii), or (iii), but not (iv), holds for a;,. Thus p¢, = p,, and hence
PeZpu = - - - 2Py 2P, (6.3) is trivial when £=79=0, so that it must hold
for all £, 7 <w. by induction.

(6.4) If @C3 and I QI <N., then UG =a; implies a,=a; for some a,E Q.

Since ao=go, (6.4) holds when £=0. Inducting on &, let @3 be such that
| @] <N.and U@ Za;. Then Uez=n{g, w}. If Ua=g, then a,2 g for some
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a,E€ @, and hence a,=a; by (6.1) and (6.2). If U@ 2 a, for some a,E U, then
by the induction, a,=a, for some ¢,&E @. But from (6.2), a,=a;, and hence
a,2a;. The only remaining possibility is that a,=N{g:;, U} for some a,E @.
In this case, as shown in the proof of (6.3), it follows that p,= p¢, and hence
that @, =a;. Thus, by induction, (6.4) holds for all £ <w,.

(6.5) If <3 and I al <N, then a;2ZNQ implies az=a, for some a,E Q.

Again (6.5) is clear when £=0. Continuing with an induction on , let
azNa. If a,2NQR, a,EV;, then by the induction, a,2a, for some a,E @,
and since a,EV;, a;=a,2a, by (6.2). If N{g:;, U} ZN@, then gg=N@, and
hence g;=a, for some a,& @. This implies that a;=a,, by (6.1) and (6.2).
Hence (6.5) holds for all £ <w,.

Theorem 6 now follows from (6.2), (6.3), (6.4), (6.5) and Theorem 4.

4. Applications. In this section, some of the results obtained above are
used to establish three somewhat unrelated theorems.

THEOREM 7. Every lattice of cardinality at most N, is a sublattice of a lattice
a-generated by three elements.

Proof. The plan of the proof is to combine the given lattice L with a sub-
set of F.(3) containing its a-generators @, b, and ¢ and the a-generators g;
of the a-sublattice F.(R.), in such a way that in the resulting partially or-
ered set 3¢, L is contained as a sublattice, each element of L is the join of a
pair of the g and each element of 3¢ can be expressed as an a-word over
{a, b, c}. 3¢ is then completed by cuts to a complete lattice M, and this em-
beds L in the sublattice of M a-generated by {a, b, c}.

Essential to this proof is the idea of the set s(4) of components of an a-
word A € F.(3). This set is defined inductively for each 4 € F.(3) as follows.
For A€ {a, b, c}, s(4) = {A}; if A=U@ or A=0N@Q, then

s(4) = {4} +A§as(A’).

Let { gg|£<wa} be the subset of F.(3) constructed in the proof of Theorem 5
which a-generates a sublattice isomorphic with F,(N,), and let
g = 2 s(gy.
E<ag

(71) If A, g:€G and A = g;, then A=g;.

Ifa,b,czA, then 4 g, by (5.4). If A=x,, then 4 % g; since x,% 5. Now
suppose that A =a\UA’. Then 4'=b0N\(c\JA"), where a= A", so that 4 2g;
implies ¢\Ja =4 2g;=b, which is impossible. Similarly, if 4 =¢\U4’, then
a=A’,and c\Ja%bimplies A L g:. If A=b\UA’, then A’ has the form ¢cNA"
where a\Ub=A4". Thus A g, for otherwise, since 4%a, and b, ctx:p
N(ye1\Jc), A Z g implies a\Ub=A 2 y:11\Uc 2 ¢, an impossibility. Finally, if
A=x.1MN(y,11\Uc), then 4 2 g; implies a\Jc=y,,,\Uc= A4 2 g:2b, which can-
not occur. (7.1) now follows, since g,=g; implies n=§.
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Now suppose that L is a lattice of cardinality N,.. Then there is one-one
correspondence

X (goty g2-641)

between the elements X; of L and the pairs {(gz.¢, g2.¢41), £ <w.. Let 3C be the
set G+L, and define a binary relation (=) over 3C as follows.

If X, YE3C, then X = Y if one of the following holds:

(i) X, YELand X=Yin L,

(i) X, YEgand X =Y in F.(3),

(iil) XEL, YE&EG, and there exists a finite subset {Xgo, Xey o0 0y ng} CL
such that XXM - - - MXg in L and such that for each 7, <k, either
g, =V or g = Yin Fu(3).

(7.2) The relation (Z) partially orders the set 3¢. Moreover, finite meets and
joins in L are preserved in 3C.

(7.3) For each X:EL, X; is the least upper bound of go.; and go.z41 in 3C.

Statement (7.2) is an immediate consequence of the definition of the rela-
tion (=) over 3C. As for (7.3), certainly X:=gs.¢, g2.¢11 in 3C. Suppose YE3C
is such that Y=gy, go.t11 in 3. Then YEL and Y=g, .; in 3¢ implies that

there exists Xg, - - -, Xi; €L such that Y= X; M - - - MXg, and for each
1=k, either go.;;=go.t Or go.p,1=go.p. But g,=gs.¢ implies n=2-£, so that
Xe=Xgy= -+ =Xg, and Y=X,;. Thus X; is the least upper bound of

g2.¢ and gs.g11 in 3C.

(7.4) Let @CG. If NQEG, then N Q is the greatest lower bound of @ in IC;
if UREG, then UQ is the least upper bound of @ in 3C.

Suppose that @ ZG is such that N @ is an a-word belonging to G. If BE 3¢
is such that B4 all AE @, then BEG and BEN Q& in F.(3), so that N@ is
the greatest lower bound of @ in 3¢. If @Cg and U@ is an a-word in G, and
if BEG and B2 A4 for all A€ @, then B2UQ in 3¢. Suppose that X& L and
X =A for each A€ @. Since U@ is an a-word over {a, b, c} belonging to G,
either @= {x,|7<\} for some limit ordinal A<wa, or @ is a two element set.
From (5.4), g% a, ¢ for all £, so that for no 7 can X Zx, in 3¢ hold. Thus @
is a two element set {4, 41} with 4o, A:2%a, c. But then for one of these
elements, say 4,, we must have 4,=»b. Thus if g = 4,, then gt =4,\JA4,, and
hence X 2U@.

The partially ordered set 3¢ is now embedded in a complete lattice M
with the MacNeille completion by cuts [S]. Let N be the sublattice of M
a-generated by {a, b, c¢}. Since bounds existing in 3¢ are preserved in M,
3¢ is contained in N by (7.4) and (7.3), and hence by (7.2), L is a sublattice
of N.

In a recent paper [4], B. Jénsson has considered the existence of an N.-
universal lattice, that is, a lattice L of cardinality K., such that every lattice of
cardinality at most N, is isomorphic to a sublattice of L. He has shown that for
all >0, N,-universal lattices do exist. Our next theorem takes up the case
a=0.
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THEOREM 8. There exist no No-universal lattices.

Proof. Since any countable lattice can contain only a countable number
of finitely generated sublattices, Theorem 8 will follow if we show that there
are an uncountable number of nonisomorphic lattices generated by three
elements.

Let © be the set of all sequences o=(so, s1, -, - --) with
s:€{o, 1 }, and let I= {u;,jli<wo, 7<2} be an infinite doubly indexed set.
For each ¢ €@, a partially ordered set I, is obtained by defining a partial
ordering over I as follows. #g,0<#1,0< + + + <wi o< = * + . Ug,0< + + + <Uip
<usaif s;=0,0r u;1 <, 0<tip1,0< - - -, if s;=1. Clearly, if ¢, 7E€S, I, and
I, are isomorphic if and only if o=7.

As in the proof of Theorem 7, let {gil i<wo} generate Fy(N¢) in Fo(3); let
G= D icw, 5(g:); and let ' =g+ {aﬂ(bUc), a\J(dbN\¢), bN\(a\Jc), b\ J(aMNc),
cN(a\Jc), cU(aﬂc)}. For each ¢ €&, we construct a partially ordered set
3¢, by defining a partial ordering over the set I+¢’ in the following way.

For X, YEI+¢G', X = Y if one of the conditions below holds:

(1) X, YEland XY in [,,

(i1) X, YEQG and X = Y in F(3),

(iii) X&€I, YEQ and for some u;;EI, X Zu;; in I,, and either g4y ;=Y
or g4¢+j+2§ Yin Fo(s).

It follows just as in the proof of Theorem 7 that u, ; is the least upper
bound in 3C, of gsiv; and geirjre; if @RCG and UGREG, then UG is the least
upper bound of @ in 3¢,; and if @G’ and NREG’, then NQ is the greatest
lower bound of @ in 3C,. Thus if the lattice L, is the completion by cuts of
3¢,, and if M, is the sublattice of L, generated by {a, b, c} , then 3¢, & M,, and
bounds existing in 3, are preserved in M,.

Notice that in 3¢,, X >a implies X Za\U(bM\¢), and ¢ > X implies aM\(b\Uc)
= X, with analogous implications holding for b, 8\J(aM¢) and 8"\ (a\Jc), and
for ¢, c\J(aMb) and ¢\ (a\Jb). Thus in the completion by cuts, and hence
in M,, these implications also hold. This implies that a, b, and ¢ are both meet
and join irreducible in M,. Furthermore, since M, is generated by {a, b, c} ,
a, b, and ¢ are the only elements of M, which have this property. Hence if ¢
maps M, isomorphically onto M,, then ¢ maps {a, b, c} one-one onto itself.
If ¢ maps M, isomorphically onto M., and ¢ induces the trivial permutation
on {a, b, c}, then ¢ =7. For if ¢(a) =a, ¢(b) =b, and ¢(c) =c, since meets and
joins existing in 3¢, and 3C. are preserved in M, and in M, respectively, it
follows that ¢(u; ;) =u; ; for every u; ;& 1. But then I, and I, are isomorphic,
and hence o =7. Suppose that in {M,|a€@} there is an isomorphism class
containing more than six distinct lattices. Since there are only five nontrivial
permutations of three elements, in this isomorphism class there must exist
three distinct lattices M,, M,, and M,, with ¢; and ¢ respectively mapping
M, and M, isomorphically onto M,, such that ¢,(a) =¢z(a), ¢1(b) =¢:(b), and
¢1(c) =¢a(c). Then if ¢ =¢5'¢1, ¢ maps M, isomorphically onto M, in such a
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way that ¢(a) =a, ¢(b) =b, and ¢(c) =c. And as shown above, this implies
that ¢ =7, contrary to the assumption that M, and M, are distinct. Thus each
isomorphism class of { M,|cE€S} contains at most six lattices, and hence
{M,|cE®} contains 2% nonisomorphic lattices generated by three ele-
ments, completing the proof of Theorem 8.

Associated with the idea of an N,-universal lattice is that of an Rs-univer-
sal partially ordered set. A partially ordered set P is said to be Na-universal if
|P| =N, and if every partially ordered set of cardinality at most R is iso-
morphic to a subpartially ordered set of P. The lattices Fa(3) offer interesting
examples of these N.-universal partially ordered sets.

THEOREM 9. The free lattice with three gemerators is an No-universal par-
tially ordered set. If the Generalized Continuum Hypothesis holds, then Fe(3) is
an N.-universal partially ordered set if N is regular, and the sublattice

L, = {A|4 € F.(3), r(4) < wa}
of Fa(3) is an N,-universal partially ordered set if N, is singular.

Proof. The sublattice L, will be shown to be an N,-universal partially
ordered set for all , since when N, is regular, L, = F.(3).

(9.1) If P is a partially ordered set of cardinality at most N, then P is iso-
morphic to a subpartially ordered set of L.

Let the elements x;, y;, and g; of F.(3) be as defined in the proof of Theo-
rem 5. Suppose for all n with 7 <£ <wa, r(x,) =7(y,) =6-7. If £ is a limit ordi-
nal, then 7(x;) =7(y:) =sup,<¢(6-n+1) =sup,«; 6-n=6-£. If £ is not a limit
ordinal, 7(x;)=r(v:)=6-((—1)4+6=6-£ Thus, since r(xo) =r(y0) =0, r(xe)
=r(y;) =6-£¢ for all £<w,. Hence if £ <wa, then r(g;) =6-£+9 <w,, so that
g:|§<wa} CLo. Now let P be a partially ordered set with |P| =N.. Let
a;|E<w.} be the subset of the a-sublattice of Fu(3) a-generated by
g $<wa}, which was constructed in the proof of Theorem 6 and which is
isomorphic to P. ao=g,, and hence r(ao) =9. Suppose for all n with 7 <& <wa,
r(a,) £6-n+11. Then for all n<&, r(a,) <r(g), whence r(a;)=r(g:)+2
=6-£+11. Thus 7(a;) <wa, and {a;|’£<wa} CL,. Hence P is isomorphic to a
subpartially ordered set of La.

It is clear that | Lo| =8. To show the corresponding relation for the posi-
tive ordinals, the following equivalent form of the Generalized Continuum
Hypothesis is needed(*).

If o is any ordinal and if I is a set of cardinality Nay, then { (il aCom,
| @| =W.} has cardinality Noy1.

(9.2) If a is not a limit ordinal, then | La| =Na.

Let %,=9¢ = {a, b, ¢}, and let N;={AEL.|A=VU@, r(4)=¢}, %/
= {A ELa| A4=Nga,r4) =£} for £>0. To prove (9.2) it suffices to show that

4 See, for example, Bachmann [1, p. 157].
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| ote|, |9t¢ | =N. for each £<wa. If |9,|, |9/ | =N, for all n<f, then 9,
=D pct Mg+ N, ={AELa|7(4) <t} has cardinality at most N,.. Now if
AEN; with A=UQ@, then @C; and | @] <R, ;. Thus the cardinality of
9 cannot exceed the cardinality of {@| @Zam;, | @| =R.1}, and hence if
the Generalized Continuum Hypothesis holds, |9t| <N.. Similarly, | at¢ |
=N..

(9.3) If ais a limit ordinal, then Lo= D pca L. Hence | Lo| =N..

If B<a, every B-word over {a, b, c} is also an a-word over {a, b, c} ,and
hence LoD Y s<a Lsg. We now show that if AEL, and 7(4) Sws then A EL,.
If 7(4A) =0, this clearly holds. Inducting on r(4), let A=U@ or N@G. Since
r(4) <ws, r(4A") <ws for each A’E @, and hence 4'EL; all A’E @, by the
induction hypothesis. Also, 7(4) <ws implies | @] <Ns. Thus 4 is a B-word
over {a, b, c}, and A€ Ls. Now if AEL,, 7r(A) <w., and since « is a limit
ordinal, 8 exists such that 7(4) <ws <w., and hence A € Ls. Thus L, Y _s<a L,
and (9.2) follows.

This completes the proof of Theorem 9.
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